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Abstrak. Penelitian ini membahas tentang interaksi peserta didik 

dengan sudut pandang pemodelan matematika. Interaksi tersebut 

melibatkan peserta didik yang memahami dan belum memahami materi 

mata pelajaran matematika. Proses interaksi antar grup peserta didik 

dimodelkan dalam suatu sistem persamaan diferensial dua dimensi. 

Variabel A adalah persentase peserta didik yang memahami materi, dan 

variabel B adalah persentase peserta didik yang kurang memahami 

materi. Hasil analisis dinamik diperoleh satu titik ekuilibrium trivial dan 

tiga titik ekuilibrium non-trivial yang eksis dengan beberapa syarat. 

Berdasarkan analisis kestabilan titik ekuilibrium non-trivial, diperoleh 

kondisi tanpa adanya peserta didik yang kurang memahami materi 

pelajaran matematika. Kondisi inilah yang menjadi tujuan dari 

penelitian ini, dimana dengan melibatkan interaksi antar peserta didik, 

dapat meningkatkan keberhasilan proses pembelajaran. 
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Abstract. This study discusses the interaction of students with a 

mathematical modeling point of view. This interaction involves 

students who understand and do not understand mathematics subject 

matter. The interaction process between groups is modeled in a two- 

dimensional system of differential equations. Variable A is the 

percentage of students who understand the material, and variable B is 

the percentage of students who do not understand the material. The 

dynamic analysis results obtained by one trivial equilibrium point and 

three non-trivial equilibrium points exist with several conditions. Based 

on the stability analysis of the non-trivial equilibrium point, it is found 

that the conditions without students do not understand mathematics 

subject matter. This condition is the goal of this study, which involves 

interaction between students; it can increase the learning process's 

success. 
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1. Introduction 

Education means increased skill or development of knowledge and understanding as 

a result of practice, study, or experience [1]. The importance of education places it at the 

highest level of human needs. In the introduction to the book written by Klaus Dieter Bieter, 

Nelson Mandela calls education a powerful force that builds every human being. All 

countries in the world place education as one of the human rights [2]. Likewise, in 

Indonesia, education is one area that is the responsibility of the State. Law of the Republic 

of Indonesia states that: education is a conscious, planned effort to create an atmosphere of 

learning and the learning process to actively develop their potential to have spiritual 

strength, self-control, personality, intelligence, noble morals, and skills needed for 

themselves, society, nation, and state [3] [4]. 

In general, education aims to increase the nation's intelligence by increasing students' 

understanding of the subject matter. There are many obstacles for a country to create good 

quality education, especially in developing countries. One of the problems faced in the 

world of education is the weak learning process. Students are encouraged to develop 

thinking skills in the learning process, but in reality, students are only directed to accept 

and memorize information or knowledge provided by the teacher. The teaching method is 

one of the supporting factors for the achievement of national education goals [5]. 

As ione iof  ithe  ibasic  isciences,  imathematics  ihas  ian iessential  irole  iin  ithe  ieffort  ito imaster 

iscience  iand itechnology.  iMathematics  iin ischools  ineeds  ito ifunction  ias  ia ivehicle  ito idevelop 

iintelligence,  iabilities,  iand iskills  iand ishape  istudents'  ipersonalities  i[6].  iNot  ia ifew istudents  

ithink  ithat  imathematics  iis ia idifficult  isubject  iand icauses  ivarious  iproblems  ithat  iare  idifficult  ito 

isolve,  iresulting  iin ilow istudent  ilearning  ioutcomes.  iThis  iresults  ifrom  ithe  ilack iof  iinteractive 

imathematics  ilearning  imethods,  iwhere  istudents  iare  ionly iasked  ito imemorize  iformulas,  

ireceive  ithe  imaterial,  iand iwork  ion ipractice  iquestions.  iTherefore,  ithere  iis ia ineed ifor  ian 

iinteractive  iprocess  ibetween  istudents  iin ithe  imathematics  ilearning  iprocess. 

Interaction  ican ibe iinterpreted  ias icommunication  ior  ia ireciprocal  irelationship  ibetween 

itwo  ior  imore  ipeople  ifor  ia ispecific  ipurpose  i[7].  iInteraction  iin ia ilesson  iis icritical  iand inecessary 

ito ihelp  idevelop  istudents'  iunderstanding  iand iachieve  ieducational  igoals.  iLearning  iinteraction 

iis ian iinteractive  iactivity  iof  ivarious  icomponents  ito irealize  ithe  ilearning  iobjectives  iset  iwhen 

iplanning  ito ilearn  i[8].  iLearning  imathematics  ias ithe  iconstruction  iand iabstraction  iof 

imathematical  iconcepts ican ibe imaximized  iby isolving  imathematical  iproblems.  iThe  iproblem-

solving  iprocess  iwill  ibe iachieved  iat  ia ihigher  ilevel  iif  istudents  iwork  iin icooperative  igroups, 

iespecially  iheterogeneously  i[9].  iIn iother  iwords, ithe  iinteraction  ibetween  istudent’s  ineeds  ito ibe 

idone  iwithout  idifferentiating  ieach  istudent's  iabilities. 

Based ion ithe  ilearning  iobjectives,  istudents  iwith  imoderate  iand ilow iabilities  ishould  isolve 

iproblems  iand ibe iconfident  iand  icommunicate  ithem  ieffectively.  iA ilearning  istrategy  iis ineeded 

ito iaccommodate  istudent  iinteractions  iwith  ithe  ilearning  ienvironment  ito iachieve  ithis  igoal.  iOne 

iof  ithe  ilearning istrategies  ithat  isupport  ithis iis ia ilearning  istrategy  ithat iuses  icooperative  igroups,  

ior  iso-called  icooperative  ilearning  i[10].  iIn ithis  istudy,  ithe  icooperative  ilearning  iprocess  iwas 

iexamined  iby igrouping  istudents  ibased  ion itheir iunderstanding  iand imastery  iof  imathematics 

imaterial. 

According  ito iMurdock-Stewart  i[11],  iunderstanding  iconsists  iof  ithree  igeneral 

icategories,  iwhich  iinclude:  i(1)  iunderstanding  istructural  iprogress,  i(2)  iunderstanding  ias ia 

iform  iof  iknowing,  i(3)  iunderstanding  ias ia iprocess.  iStudents  iare  isaid  ito iunderstand  isomething 

ito iconnect  ithe  iideas  iin itheir  iminds  iand iabstract  ifor  ithe  inext  istep  i[12].  iSo  iunderstanding  iis  ian 

iorganizational  iprocess  ithat  iinvolves  icognitive  iactivities  ito isolve  iproblems.  iIn ithis  istudy,  ithe 

imeasurement  iof  istudents'  iunderstanding  iwas  icarried  iout  ithrough  itest  iscores  iin imathematics.  

iStudents  iwho  ihave  ia ivalue  iabove  iMinimum  iLearning  iCompleteness  iare 
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assumed  ito ihave  iunderstood  ithe  imaterial.  iIn icontrast,  istudents  iwho  ihave  ia  ivalue  ibelow 

iMinimum  iLearning  iCompleteness  iare  isupposed  ito ihave  inot  iunderstood  ithe  imaterial. 

The  idevelopment  iof  iscience  iin ithe  ifield  iof  imathematics  ihas  ia irole  iin ihelping  ito ianalyze  

ithe  iproblems  iof  ieveryday  ilife.  iOne  iof  ithese  iproblems  iis iin ithe  ifield  iof  ieducation.  iMany 

ioccurrences  iin ithe isurroundings  ican ibe iobserved  iand ianalyzed  iin ithe  iform  iof  ia imathematical 

imodel.  iMathematical  imodels iare  imodels ithat  irepresent  ia iproblem  iin ithe  ireal iworld iinto 

imathematical  iequations  i[13].  iIn  ithis  istudy,  iwe ianalyzed  ithe  idynamics  iof  istudents'  ilevel  iof 

iunderstanding  iin imathematics  ibased  ion itime  ithrough  ia imodeling  iapproach.  iIn ithis  imodeling,  

ithe  imathematical  iinterpretation  iof  ithe  idifferential  iequation  isystem imodel  iin ithe  istudent 

ipopulation  iwill  ibe iknown  ibased  ion ithe  ilevel  iof  imathematical  iunderstanding. 

Several  istudies  ion iinteractions  iin ithe  ilearning  iprocess  ihave  ibeen  icarried  iout  iseveral 

itimes  i[14]–[16].  iIn iprevious  iresearch,  ino ione ihas  ibeen iable  ito ipredict  ithe  isuccess  iof  ilearning 

iin ithe  ifuture.  iIn icontrast  ito iprevious  istudies,  istudents'  iinteraction  iin ithe  ilearning  iprocess  iwas 

istudied  ifrom  ithe  imathematical  imodeling  iperspective.  iThis  iapproach  iis ian ialternative 

imethod  iin isolving  iproblems  iin ithe  iworld  iof  ieducation  ithat  ihave  inot  ibeen  iwidely  iresearched. 

iMathematical  imodeling  ican isolve ia iproblem iby isimplifying icases  iin ieveryday  ilife  iinto  ia 

imathematical  iproblem  iwhere  ithe  isolution  ican ibe iobtained.  iThe  imathematical  imodel's 

isolution  iobtained  ican ibe iused  ito ipredict  ithe  iconditions  ifor  ithe  isuccess  iof  ithe  ilearning  iprocess. 

1. Model  iFormulation 

This  istudy  idiscusses  ithe  iinteraction  iof  istudents  iwith  ia imathematical  imodeling  ipoint  iof 

iview.  iThis  iinteraction iinvolves  istudents  iwho  iunderstand  iand ido inot  iyet  iunderstand  ithe 

isubject  imatter  iof  imathematics.  iThe  iinteraction  iprocess  ibetween  igroups  iis imodeled  iin ia itwo- 

idimensional  isystem  iof  idifferential  iequations.  iVariable iA iis ithe  ipercentage  iof  istudents  iwho 

iunderstand  ithe  imaterial,  iand  ivariable  iB iis ithe  ipercentage  iof  istudents  iwho  ido inot  iunderstand 

ithe  imaterial.  iThe  icompartment  imodel  iin iFathoni's  iresearch  i[18]  iis ia ireference  iin ithis  istudy. 

iThe  ibasic  imodel  iin ithis  iresearch  iis ithe  ipredator  iand iprey  imodel  iand ithe  ilogistic  imodel. 

The  irelationship  ibetween  ipredator  iand iprey  iis ithe  iprimary  ibasis  iof  istudying  iecology. 

iOne  iof  ithe  iimportant  icomponents  iin ithis  irelationship  iis ithe  ispeed  iof  ipredators  iin ipreying  ion 

itheir  iprey.  iThe  ilevel  iof  iprey  iper  icapita  iof  ipredators  ior  ithe  iresponse  ifunction  iis ioften  icalled  ithe 

ibasis ifor  ithe  ipredator-prey itheory  iapplied  iin ithis  istudy.  iThe  igroup  ithat iacts  ias ia  ipredator  iis ia 

igroup  iof  istudents  iwho  iunderstand  imathematics  i(A).  iMeanwhile,  ithe  igroup  ithat  iacts ias iprey  iis 

istudents  iwho  ido inot  iunderstand  imathematics  i(B). 

Logistic  imodels  iare  ioften  iused  ito idescribe  ithe  igrowth  irate,  iincluding  ithe  igrowth  irate  iof 

ithe  iprey  ipopulation  i[19].  iThe  iprey  ipopulation  idoes  inot  ialways  iincrease  icontinuously,  ibut  iit 

idepends  ion ithe  ipopulation's  isize  iif  ithere  iis ia ilimit  ito ithe  ienvironment's  icarrying  icapacity. 

iLikewise,  ithe  istudent  igroup  idoes  inot  ialways  iexperience  ian iincrease.  iThe  icapacity  iof  iexisting 

iclassrooms  ilimits  ithe  istudent  igroup.  iThe  ilogistic  imodel  iin iPutranto's  iresearch 

[20]  iis  iapplied  iin ithis  istudy,  iwhere  ithe  iincrease  iin istudents'  igroup  ifollows  ithe  igrowth  iof 

ilogistics. 
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Figure  i1. iThe icompartment  idiagram 

 

By ithe  icompartment  idiagram  ion iFigure  i1,  iwe iconstruct  ia imathematical  imodel  iwith  itwo-

dimensional  isystem  iof ithe  ifirst  iorder  iordinary  idifferential  iequation i(ODE).  iOur  imodel  iis 

iformulated  ias ithe  ifollowing,  isee  isystem  i(1).  iThe  iparameters  iused iin ithe  imodel  iare  iassumed  ito 

ibe ipositive,  iwith  ithe  iinformation  iin iTable  i1.  iBased  ion ithe  imodel  iin iequation  i(1),  ia idynamic 

ianalysis  iprocess  iis icarried  iout. iThe  idiscussion  iof  idynamic  ianalysis  iconducted  iby iNingsih  

i[21]  iregarding  ithe  igrowth  iin ithe  inumber  iof  istudents iis ia ireference iin ithe  idiscussion  iof 

idynamic  ianalysis  iin ithis  istudy.  iThe  iresearch  icarried  iout  iincludes  isearching ifor  ithe 

iequilibrium  ipoints,  ianalyzing  ithe iequilibrium  ipoints'  iexistence,  iand ianalyzing ithe 

iequilibrium  ipoints'  istability. 

 
𝑑𝐴 𝐴 

=  i𝛼𝐴 i( i1 i− ) i+  i𝜇𝐴𝐵  i−  i𝛾𝐴 
𝑑𝑡 𝐾  

(1) 𝑑𝐵 𝐵 
=  i𝛽𝐵  i( i1 i− ) i−  i𝜇𝐴𝐵  i−  i𝛾𝐵 

𝑑𝑡 𝐾 

 
Table i1. iParameter  idescription 

 

Parameter Description Unit 

𝛼 Student  igroup  iA igrowth  irate. 1/𝑑𝑎𝑦 

𝛽 Student  igroup  iB  igrowth  irate. 1/𝑑𝑎𝑦 

K Carrying  icapacity  iof ieach  istudent  igroup  iin ithe iclass % 

𝜇 Rate iof iinteraction  ibetween  istudent  igroup  iA iand istudent  igroup  iB 1/% i/𝑑𝑎𝑦 

𝛾 Student  ireduction  irate 1/𝑑𝑎𝑦 

 

 

2. Existence iof iEquilibrium  iPoints 

The  isystem  i(1)  ihas  ifour  iequilibrium  ipoints  iconsisting  iof  ione itrivial  iequilibrium  ipoint  

iand  ithree  inon-trivial  iequilibrium  ipoints.  iHowever,  iwe iconsider  ithe  ianalysis  iof  ithe  ithree  inon- 

itrivial  iequilibrium  ipoints.  iThe  iexistence  iof  ithose  iequilibrium  ipoints  iis ipresented  iin iTheorem 

i1. 

 

Theorem  i1. iThe  iexistences  iof  iequilibrium  ipoints  i𝐸(𝐴,  i𝐵)  iof  isystem i(1) 
𝐾 i(−𝛾+𝛽) 

(i) The  iequilibrium  ipoint  i𝐸1 i= i(0, )  iexist  iif  i𝛽  i> i𝛾 
𝛽 

(ii) The  iequilibrium  ipoint  i𝐸2 i= i( 𝐾(−𝛾+𝛼)
 i,  i0)  iexist  iif i𝛼 i> i𝛾 

𝛼 

 

𝐾 

𝛼𝐴 

𝛽𝐵2 

𝐾 

𝜇𝐴𝐵 𝛽𝐵 

A B 

𝜕𝐴 𝜕𝐵 
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(iii) The  iequilibrium  ipoint  i𝐸3  i= i( 
𝐾 i(−𝜇𝛾𝐾+ i𝜇𝛽𝐾−𝛾𝛽+𝛼𝛽) i

,
 

𝛽𝛼+ i𝜇2𝐾2 

𝐾 i(𝜇𝛾𝐾− i𝜇𝛼𝐾−𝛾𝛼+𝛼𝛽)
)

 i

exist
 i

if
 

𝛽𝛼+  i𝜇 i𝐾 

−𝜇𝛾𝐾  i+ i𝜇𝛽𝐾  i> i𝛾𝛽 i− i𝛼𝛽  iand i𝜇𝛾𝐾  i− i𝜇𝛼𝐾  i> i𝛾𝛼 i− i𝛼𝛽 

3. Stability  iAnalysis 

We iapply  ithe  ilinearization  imethod  ito idetermine  ithe  istability  iof  ithe  iequilibrium  ipoint  iof  

iSystem  i(1)  iand iwe ihave  ithe  iJacobian  imatrix  ias ithe  ifollowing, 
𝐴 𝛼𝐴 

𝛼 i(1 i− ) i− + i𝜇𝐵 i− i𝛾 𝜇𝐴 
𝐽 i= i[ 𝐾 𝐾 ] 

𝐵 𝛽𝐵 
−𝜇𝐵 𝛽  i(1 i− )  i− − i𝜇𝐴  i− i𝛾 

𝐾 𝐾 

 

(2) 

Based  ion ithe  iJacobian  imatrix  i(2),  ithe  ieigenvalues  ican ibe iobtained  ifrom  ithe  icharacteristic  

iequation  i|𝐽 i− i𝜆𝐼| i= i0 ievaluated  iat 
each ipoint  iof  iequilibrium. 

3.1 Equilibrium ipoint i𝑬𝟏 
The  iJacobian  imatrix  iobtained  ifrom  ithe  ilinearization  iof  isystem  i(1)  inear  ithe  iequilibrium  

ipoint  i𝐸1 iis 
𝜇𝐾(𝛾 i− i𝛽) 

𝛼 i− − i𝛾 0 
𝐽(𝐸 i)  i= 

𝛽
 

1 𝜇𝐾(𝛾 i− i𝛽) 𝛾 i− i𝛽 
𝛽  i(1  i+ )  i− i𝛽 

[ 𝛽 𝛽 ] 

 

(3) 

The  icharacteristic  iequation  iformed  ifrom  imatrix  i(3)  iis 
(−𝐾𝛽𝜇 i+ i𝐾𝜇𝛾  i− i𝛼𝛽  i+ i𝛽𝛾 i+ i𝜆𝛽)(𝛾 i− i𝛽  i− i𝜆) 

− = i0 
𝛽 

which  ihas  ithe  ieigenvalues  i𝜆1 = i𝛾 i− i𝛽  iand i𝜆2 = i

𝐾𝛽𝜇−𝐾𝜇𝛾+𝛼𝛽−𝛽𝛾
.  iThe  istability  iconditions 

𝛽 

for  ithe  iequilibrium  ipoint  i𝐸1 iare iobtained  iwhen  i𝛾 i< i𝛽  iand i𝐾𝛽𝜇 i− i𝐾𝜇𝛾  i< i−𝛼𝛽  i+ i𝛽𝛾. 

 

3.2 Equilibrium ipoint i𝑬𝟐 
The  iJacobian  imatrix  iobtained  ifrom  ithe  ilinearization  iof  isystem  i(1)  inear  ithe  iequilibrium  

ipoint  i𝐸2 iis 
−𝛼 i+ i𝛾 𝜇(−𝛼 i+ i𝛾)𝐾 

⎡𝛼 i(1  i+ )  i− i𝛼 − ⎤ 
𝐽(𝐸2) i= i

⎢ 𝛼 𝛼 ⎥ 

⎢ 
0 𝛽

 i

+
 i𝜇(−𝛼 i+ i𝛾)𝐾 i

−
 i

𝛾
⎥ 

[ 𝛼 ] 

 

(4) 

The  icharacteristic  iequation  iformed  ifrom  imatrix  i(4)  iis 
(−𝐾𝛼𝜇 i+ i𝐾𝜇𝛾  i+ i𝛼𝛽  i− i𝛼𝛾 i− i𝜆𝛼)(𝛾 i− i𝛼 i− i𝜆) 

= i0 
𝛽 

which  ihas  ithe  ieigenvalues  i𝜆1 = i𝛾 i− i𝛼 iand i𝜆2 = i

−𝐾𝛼𝜇+𝐾𝜇𝛾+𝛼𝛽−𝛼𝛾
.  iThe  istability  iconditions 

𝛼 

for  ithe  iequilibrium  ipoint  i𝐸2 iare iobtained  iwhen  i𝛾 i< i𝛼 iand i−𝐾𝛼𝜇 i+ i𝐾𝜇𝛾  i< i−𝛼𝛽  i+ i𝛼𝛾. 

 

3.3 Equilibrium ipoint i𝑬𝟑 
Linearization  iof  isystem  i(1)  inear  ithe  iequilibrium  i𝐸3 iproduces  ithe  icharacteristic  iequation  

ias ithe  ifollowing 
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1 
 

 

𝐾2𝜇2
 i+ i𝛼𝛽 

(−𝛽(𝐾𝜇 i− i𝛽 i+ i𝛾 i− i𝜆)𝛼2 

+ i((𝐾𝜇 i− i𝛾  i+ i𝜆)𝛽2
 i+ i(−𝐾2𝜇2

 i+ i(𝛾 i− i𝜆)2)𝛽  i+ i𝐾𝛾𝜇(𝐾𝜇 i+ i𝛾 i− i𝜆))𝛼 

+ i𝐾(𝛾(𝐾𝜇 i− i𝛾 i+ i𝜆)𝛽  i− i𝐾𝜇(𝛾 i− i𝜆)(𝛾 i+ i𝜆))𝜇)  i= i0 
The  istability  iof  ithis  iequilibrium  ipoint  iwas  ianalyzed  iusing  ithe  iRouth  iHurwitz  icriteria  iand  ithe  

istability  irequirements  iwere  iobtained, 
−𝐾2𝜇2

 i−  i𝛼𝛽 
0

 i

<
 i  i𝐾2𝜇2

 i+ i𝛼𝛽 

−𝛽𝛼2
 i+ i(𝐾𝛾𝜇 i− i𝛽2

 i+ i2𝛾𝛽)𝛼 i− i𝐾𝛽𝛾𝜇 i

0
 

i

< 
𝐾2𝜇2

 i+ i𝛼𝛽 

((𝐾𝜇 i− i𝛽  i+ i𝛾)𝛼 i− i𝐾𝜇𝛾)(𝛼𝛽  i+ i(𝐾𝜇 i− i𝛾)𝛽  i− i𝐾𝜇𝛾)  i

0
 

i

< 
𝐾2𝜇2

 i+ i𝛼𝛽 
or 

−𝐾2𝜇2
 i−  i𝛼𝛽  

i

0
 i

>
 i𝐾2𝜇2

 i+ i𝛼𝛽 

−𝛽𝛼2
 i+ i(𝐾𝛾𝜇 i− i𝛽2

 i+ i2𝛾𝛽)𝛼 i− i𝐾𝛽𝛾𝜇 i

0
 

i

> 
𝐾2𝜇2

 i+ i𝛼𝛽 

((𝐾𝜇 i− i𝛽  i+ i𝛾)𝛼 i− i𝐾𝜇𝛾)(𝛼𝛽  i+ i(𝐾𝜇 i− i𝛾)𝛽  i− i𝐾𝜇𝛾)  i

0
 

i

> 
𝐾2𝜇2

 i+ i𝛼𝛽 

4. Numerical iSimulations 

The  isimulation  iin ithis istudy  iuses iassumption  idata  ifrom ia icondition  iat  ischool.  iHowever,  

ithe  iresearch  isubject  iof  ireal  idata  iin ia ischool  iis istill  ian iopen  iproblem  iin ithis  istudy.  iSimulations 

iare  icarried iout ibased  ion ithe  iassumption  iof  ithe ipercentage iof  ithe inumber  iof istudents  iin ieach 

igroup  iin ione  iclass  ito ithe  itotal  inumber  iof  istudents  iin ione ieducation  ilevel.  iThe  ipercentage  iof 

istudents  iwho  iunderstand  imathematics  isubject  imatter  i(Group  iA)  iwas  i20%,  iwhile  istudents 

iwho  idid inot  iunderstand  imathematics  isubject  imatter  i(Group  iB)  iwere  i15%.  iThese  inumbers  iare 

iassumed  ito ibe ithe  iinitial  icondition  iafter  ia iteacher  iconducted  ia imath iability  itest.  iFurthermore,  

ithrough  ithe  icooperative  ilearning  iprocess, iwhere  ilearning  iis icarried  iout  ithat  ifocuses  ion ithe 

iinteraction  ibetween  istudents,  iit  iis iexpected  ito iincrease  istudents  iwho  iunderstand  ithe  imaterial. 

In ithe  ifirst  icase,  ia isimulation  ibased  ion ithe  isystem's  idifferential  iequation  imodel  i(1)  iis 

icarried  iout  iby iusing  ithe  iassumed  iparameter  ivalues  i𝛼 i= i0.6,  i𝛽  i= i0.7,  i𝐾  i= i0.4,  i𝜇 i= i0.01,  i𝛾 i= 

i0.2.  iThis  icase  ishows  ia ivery  ilow iinteraction  iprocess  ibetween  istudents,  icharacterized  iby ia ivery 

ismall  iinteraction  irate  i(𝜇).  iAssuming  isuch  ia iparameter  ivalue,  ithe  ionly  istable  iequilibrium  

ipoint  iis i𝐸3.  iThe  isimulation  iresults  iare  iobtained  iin iFigure  i2.  iThe  inumber  iof  istudents  iwho  

iunderstood  ithe  imaterial  iincreased  ifrom  i0.20  ito i0.269.  iThe  isame  ithing  ihappened  ito istudents  

iwho  idid inot  iunderstand,  iwhich  iincreased  ifrom  i0.15  ito i0.284.  iThe  isimulation  iresults  ishow 

ithat  ithere  iare istill  imany istudents  iwho  ido inot  iunderstand.  iIt  iis icertainly  inot  ia  igoal  iin ithe  

isuccess  iof  ithe  ilearning  iprocess. 
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Figure i2. iThe idynamic iof ichanges  iin ithe istudent’s  inumber iin ieach igroup  i(case  i1) 

 

In ithe  isecond  icase,  ithe  isimulation  iis icarried  iout  ibased  ion ithe  iassumed  iparameter  ivalues 

𝛼 i= i0.6,  i𝛽  i= i0.7,  i𝐾 i= i0.4,  i𝜇 i= i1.9,  i𝛾 i= i0.02.  iThere  iis ia isignificant  iincrease  iin ithe  iinteraction 

irate  ifrom  ithe  ifirst  icase.  iIn ithis  isecond  icase,  istudents'  imovement  iout  iof  iclass  iis  ialso 

iincreasingly  ilimited  iby ireducing  ithe  istudent  ireduction  irate  i(𝛾).  iAssuming  isuch  ia  iparameter  

ivalue,  ithe  ionly  istable  iequilibrium  ipoint  iis i𝐸2.  iThe  iequilibrium  ipoint  i𝐸3  ibecomes inot iexist.  

iThe  isimulation  iresults  iare  iobtained  iin iFigure  i3.  iThe  inumber  iof  istudents  iin igroup  iA iincreased  

ifrom  i0.2 ito i0.387.  iThe  iopposite  ihappened  iin igroup  iB,  iwhich  icontinued  ito idecrease  ifrom  i0.15 

iuntil  ino imore  istudents  idid  inot  iunderstand  imathematics  isubject  imatter.  iIn  ithe  isecond  icase,  ithe  

ilearning  iprocess's  iobjective  ihas  ibeen iachieved  ibut  ican istill  ibe iimproved. 

 

Figure i3. iThe idynamic iof ichanges  iin ithe istudent’s  inumber iin ieach igroup  i(case  i2) 

 

In ithe  ithird  icase,  ithe  isimulation  iis icarried  iout  ibased  ion ithe  iassumed  iparameter  ivalues 

𝛼 i= i0.9,  i𝛽  i= i0.4,  i𝐾 i= i0.4,  i𝜇 i= i1.9,  i𝛾 i= i0.02.  iWe iincrease  ithe  istudent  igroup  iA igrowth  irate  i(𝛼)  

iand  idecrease  ithe  istudent  igroup  iB igrowth  irate  i(𝛽).  iThe  isimulation  iresults  iare  iobtained  iin 

iFigure  i4.  iUnder  ithese  iconditions,  ithe  istability  iof  ithe  iequilibrium  ipoint  iis ithe  isame  ias iin ithe 

isecond  icase.  iHowever,  ithere  iwas  ian iaddition  iof istudents  iwho  iunderstood  i(group  iA)  ito i0.391,  

iwhile  igroup  iB istudents  icontinued  ito idecrease  ito izero.  iAnother  idifference  iis ithat ithe itime  ithe 

isolution  imoves  ito iequilibrium  iis ifaster  ithan  ithe  isecond  icase.  iIn ithe  ithird  icase,  iequilibrium  

ioccurs  iat  i16 idays.  iThe  igoal  iof  isuccessful  ilearning  ihappens  imore  iquickly. 
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Figure i4. iThe idynamic iof ichanges  iin ithe istudent’s  inumber iin ieach igroup  i(case  i3) 

The isimulation  iresults  iare ishown  iin iFigures  i1, i2, iand i3 iexplain  ithe iprocess  iof ichanging  ithe  

iconditions  iof istudents'  ilevel  iof iunderstanding  iin ireal-time.  iBased  ion ithis  imodel,  ipredictions  ican ibe  

imade iwhen  ilearning  isuccess  ican ibe iachieved,  iso ithat  iteachers  ican iapply  iappropriate  ilearning  imethods  

ibefore  istarting  ithe ilearning  iprocess.  iThe iimplication  iof ithis  istudy's  iresults  ican ihelp iteachers  imake  

iteaching  imore ieffective  iand idirected  iunder  ilearning  ioutcomes. 

 

5. Concluding  iRemarks 

Mathematical imodeling  ican isolve ia iproblem iby isimplifying icases  iin ieveryday  ilife  iinto  ia 

imathematical  iproblem iwhere  ithe  isolution ican ibe iobtained.  iThis  istudy  ideparts  ifrom  ithe 

ibackground  iabove  iissues,  inamely,  istudents' iinteraction  iin ithe  imathematics iclass.  iThis 

iinteraction  iinvolves  itwo  igroups  iof  istudents iwho  iunderstand  iand ido  inot  iunderstand  ithe 

isubject  imatter  iof  imathematics.  iThe  itwo igroups  iwill  iinteract  iwith  ieach iother,  icreating  ia 

ipositive  iatmosphere  iin ithe  ilearning  iprocess.  iThe  iinteraction  iprocess  ibetween  igroups  iis 

imodeled  iin ia isystem  iof  idifferential  iequations.  iThe  isolution  iof  ithe  isystem  iof  idifferential  

iequations  iis  iexpected  ito ireflect  ithe  iteaching  iand ilearning  iprocess's  isuccess. 

The  iresults  iof  ithe  idynamical  ianalysis  iobtained  iare  istrengthened  iby inumerical 

isimulation  ievidence  ithat  isupports  ithe  ianalysis.  iIn inumerical  isimulations,  iit  ican ibe iconcluded 

ithat  iby idoing  ilearning  ithat  ifocuses  ion ithe  iinteraction  ibetween  istudents  iand ilimits  istudents' 

imovement  iout  iof  ithe  iclassroom,  ithe  ilearning iprocess  ican irun  isuccessfully.  iAll istudents iin ithe 

iclass  iwill  iunderstand  ithe  ilearning  imaterial.  iBetter  iresults  iare  iobtained  iif  ithe  iteacher  iadds 

imore  istudents  iwho  iunderstand  iand ireduces  ithe  imore  istudents  iwho  ido inot  iunderstand  ieach 

igroup.  iTo iincrease  iand idecrease  ican ibe idone  iby imoving istudents ifrom  ior ito ianother  iclass. 

iApproaching  iand iteaching  ispecifically  ifor  isome  istudents  iwho  ido inot iunderstand  ican ialso  ibe 

idone  inot  ito ibe iincluded  iin ithe  iobservation  igroup.  iIt  iwill  ihelp  iaccelerate  ithe  isuccess  iof  ithe 

ilearning  iprocess.  iThe  ifindings  iin  ithis  istudy  ican ibe iused  ias ia inew iresearch  ifield  iin ithe  iworld  iof 

ieducation. 
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